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0^ , We discuss different kinds of Killing horizons possible in static, spherically sym- 

metric configurations and recently classified as "usual", "naked" and "truly naked" 
ones depending on the near-horizon behavior of transverse tidal forces acting on an 
extended body. We obtain necessary conditions for the metric to be extensible be- 
yond a horizon in terms of an arbitrary radial coordinate and show that all truly 
naked horizons, as well as many of those previously characterized as naked and even 
usual ones, do not admit an extension and therefore must be considered as singu- 
larities. Some examples are given, showing which kinds of matter are able to create 
specific space-times with different kinds of horizons, including truly naked ones. 
Among them are fluids with negative pressure and scalar fields with a particular 
behavior of the potential. We also discuss horizons and singularities in Kantowski- 
Sachs spherically symmetric cosmologies and present horizon regularity conditions 
in terms of an arbitrary time coordinate and proper (synchronous) time. It turns 
out that horizons of orders 2 and higher occur in infinite proper times in the past 
or future, but one-way communication with regions beyond such horizons is still 
possible. 

PACS numbers: 04.70Bw, 04.40 Nr, 98.80.-k 



*Electronic address: kb20@yandex.ru 

^Electronic address: elizalde@ieec.uab.es, elizalde@math.mit.edu 



2 



I. INTRODUCTION 

As was pointed out by Horowitz and Ross [H, 0], in some static black hole space-times, 
although all curvature invariants are everywhere finite, including the event horizon, an ex- 
tended body falling into the black hole experiences enormous tidal forces in the immediate 
vicinity of the horizon. Large tidal forces emerge because in some cases the curvature com- 
ponents in a freely falling reference frame are significantly enhanced as compared with their 
static values. These objects were termed [1, 2] "naked black holes" because the behavior of 
tidal forces at the horizon resembles that near naked singularities. Examples of this behavior 
have been found in a wide class of theories of gravity including supergravities that arise in 
the low-energy limit of string theory. 

Refs. 0, |i| further classified such black holes and the corresponding event horizons as 
simply "naked" and "truly naked" ones: in the former, tidal forces experienced by a freely 
falling body are enhanced with respect to the static frame but remain finite. In the latter, 
the tidal forces become infinite. These properties depend on the asymptotic behavior of the 
curvature tensor near the horizon. 

It should be noted that, despite the same physical idea behind the notion of a naked 
horizon in Refs. [H, 0] and 0, H|, the particular criteria are different. Namely, Refs. [H, 0] 
considered a number of examples of black hole solutions of dilaton gravity, supergravities etc. 
and showed that tidal forces near the horizon can become arbitrarily large as one approaches 
some (singular) limit in the parameter space of the corresponding solution, whereas the 
curvature invariants remain finite and become infinite only when the above limit is reached. 
The criterion used in 0, 0] is more formal: a horizon is called naked if some quantity, 
characterizing the tidal forces at the horizon, is zero in the static reference frame but is finite 
and nonzero in a freely falling reference frame. (Such horizons, from the viewpoint of [H, 0], 
may be characterized as "potentially naked" since the tidal forces can really become very 
large at some values of the solution parameters.) This definition is much more convenient 
for general studies and classification of horizons in different black hole solutions, and, using 
it, horizons in static, spherically symmetric black hole metrics were divided in 0, |j] into 
three classes: usual, naked and truly naked. The classification was formulated in terms of 
the near-horizon behavior of the metric in the curvature (Schwarzschild-like) coordinates. 

In the present paper, we study the extensibility of the metrics beyond horizons of different 
kinds. We show that the metric can be analytically (or at least sufficiently smoothly) ex- 
tended under some stringent conditions which are explicitly written. All black hole metrics, 
for which the extensions are well-known, certainly satisfy these conditions. It turns out, 
however, that all "truly naked" horizons, as well as many of those previously characterized 
as naked and even usual ones, do not admit an extension and therefore must be considered 
as singularities. Indeed, timelike and null geodesic incompleteness is generally regarded as 
a criterion for the presence of a singularity (see, e.g., used, in particular, in the well- 
known singularity theorems. And it is precisely such incompleteness that takes place at 
inextensible horizons (sometimes also called "singular horizons"), despite finite values of the 
curvature invariants. 1 Our approach is thus somewhat complementary to the discussion on 
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1 For convenience, we still use the words "horizon" or "truly naked horizon" (TNH) in all such cases without 
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singularities in black hole physics conducted in Refs. [fj|, Q, HI, 0, [k| 

It is natural to extend the consideration to the cosmological counterparts of static, spher- 
ically symmetric configurations, i.e., Kantowski-Sachs(KS) cosmological models. It can be 
mentioned that KS cosmologies are not excluded by modern observations if one assumes 



their sufficiently early isotropization 11], and the latter may follow from the process of 



matter creation from vacuum — see a discussion and some estimates in [121 . Il3l ] . It is also 
known [Hj that if the matter content of the Universe satisfies the Null Energy Condition, 
then the only way of avoiding a cosmological singularity in the past of a KS cosmology is 
the beginning of the cosmological evolution from a Killing horizon. Thus there is a good 
reason for studying the properties of such horizons, and some of them are described here. 

The structure of the paper is as follows. Sec. II contains some general relations for 
spherically symmetric metrics, needed in the further study. Sec. Ill discusses the properties 
of the so-called quasiglobal coordinate as a convenient tool for studying the extensibility 
problem. In Sec. IV we obtain the horizon extensibility conditions in terms of an arbitrary 
radial coordinate and, using the curvature coordinate r , compare the extensibility criterion 
with the previously given 0,0] classification of horizons as usual, naked and truly naked ones 
in static, spherically symmetric space-times. Sec. V contains a number of examples showing 
which kinds of matter can create configurations with different kinds of horizons, including 
TNHs. In Sec. VI we discuss horizons in KS cosmologies and present the extensibility 
conditions in terms of an arbitrary time coordinate and proper (synchronous) time. Sec. 
VII contains some concluding remarks, in particular, on different kinds of singularities in 
spherically symmetric configurations of matter with negative pressure. 



II. GEOMETRY 

The general static, spherically symmetric metric can be written in the form 2 

ds 2 = e 2 ^dt 2 - e 2a ^dR 2 - r 2 (R)dQ 2 , dQ 2 = d9 2 + sin 2 9dtf, (1) 

where R is an arbitrary radial coordinate. The most frequently used curvature (Schwarz- 
schild) coordinate corresponds to the "gauge" condition R = r. Another useful choice is the 
so-called quasiglobal radial coordinate R— u, corresponding to the "gauge" pooPn = — 1) 
so that the metric is 
dv 2 

ds 2 = A{u)dt 2 - -=-y - r 2 (u)dn 2 . (2) 
The nonzero components of the Riemann tensor in the above two gauges are 

R 02 02 = -J— = -e" 2Q - = ~K 2 = R°\ 3] 
2 r r 

R 12 u = —A— -\—= e~ 2 ^ = -K 3 = i? 13 13 ; 
r 2 r r 

R 2 \s = ^(l-^' 2 ) = i(e---l) = -K 4 , (3) 



a risk of confusion. 
2 We use the metric signature (+ — 



— — ) and the units in which c = h = G = 1 
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where expressions for the metric ([2]) are given in each line after the first equality sign and 
those for the curvature coordinates [Eq. (0Q) with R = r] after the second equality sign. The 
prime stands for d/du and the subscript r for d/dr. 

As follows from the geodesic deviation equations, the tidal forces experienced by bodies 
in the gravitational field ([1]) are conveniently characterized by the quantities [3] 

Z:=R 12 12 -R 02 02 = K 2 -K 3 (4) 

in the static reference frame and 

Z ~ e^Z = Z/A (5) 

in a freely falling reference frame near a horizon. These quantities have been used in [3] to 
distinguish usual, naked and truly naked horizons. 

Assuming A < in the metric (jSJ), we obtain a Kantowski-Sachs (KS) spherically sym- 
metric cosmology in which u is a quasiglobal time coordinate and t acquires a spatial 
nature. Let us re-denote A — > —A and t — > x , so that 

dv 2 

ds 2 = - A{u)dx 2 - r 2 (u)dn 2 . (6) 

A natural time variable in cosmology is the proper (or synchronous) time r. If we use 
it, the KS metric reads 

ds 2 = dr 2 -a 2 (r)dx 2 -r 2 (r)dn 2 . (7) 

In terms of the quasiglobal coordinate u, expressions for the nonzero Riemann tensor 
components are the same as in (j3J) (with A replaced by —A ) while for the metric (j7j) they 
are (the dot denotes d/dr) 

* = 5, k, = * 

a ar 
r 1 + r 2 

^3 = -, ^4 = (8) 

The tidal forces acting on bodies at rest in the metric (jSJ) or (j7]) (comoving observers) 
are characterized by the same quantity (j4j), as before, while forces acting near a candidate 
horizon (A = a 2 — > 0) on a noncomoving geodesic observer are proportional to Z = Z/A. 

It is easy to see that the components (|3j) or (JSJ) coincide with the corresponding tetrad 
components of the Riemann tensor and behave as scalars under radial or time coordinate 
changes. The quantities Z and Z also possess this property. 

Since the tensor R^ v pa for the metrics under consideration is pairwise diagonal, the 
Kretschmann scalar K. is a sum of squares, 

K. = R» v pa R p \ v = AKl + m 2 + ml + AKl (9) 

and it is clear that all algebraic curvature invariants are finite (i.e., a curvature singularity 
is absent) at a given point if and only if all the components ([3]) or (JSJ) are finite. 
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III. EXTENSION ACROSS A HORIZON 

To study the extensibility of the metric beyond the surfaces that have been previously 
termed naked or truly naked horizons, it proves helpful to write the metric in the form (j2J)or 



flHJ) because the coordinate u is distinguished by the following properties [1J, [15 



(i) it always takes a finite value u = Uh at a Killing horizon A(u) = across which an 

extension is possible; 

(ii) near a horizon, the increment u—Uh is a multiple (with a nonzero constant factor) of the 

corresponding increments of manifestly well-behaved Kruskal-type null coordinates, 
used for analytic extension of the metric across the horizon. 3 Therefore, with this 
coordinate, the geometry can be considered jointly on both sides of a horizon in terms 
of a formally static metric (hence the name "quasiglobal" ) . 

To make the presentation complete, let us briefly prove items (i) and (ii) using, for 
certainty, the static metric (T5J). 

To begin with, the geodesic equations for (T5]) have integrals of the form 

dt/d\ = E/A(u), d(j)/d\ = L/r 2 (u), (10) 

and, combined with the normalization condition u^u^ = k for the tangent vector along 
the geodesic, they lead to 

Here, A is the canonical parameter, k — 1, 0, —1 for timelike, null and spacelike geodesies, 
respectively; L and E > are constants characterizing the conserved angular momentum 
and energy of particles moving along the geodesies; without loss of generality, we consider 
curves in the equatorial plane 9 = tt/2 of our coordinate system. 

As is clear from ffTTl) . if A — * as u — > Uh (i.e., near a candidate horizon), then in its 
neighborhood 

d\ « du/E, (12) 

unless E — 0. Thus the u coordinate behaves like a canonical parameter near u = Uh for 
all geodesies except those with E — . In particular, A — > oo if = oo ; a particle moving 
along a timelike geodesic reaches the surface u = Uh at finite proper time if and only if uh 
is finite. The exceptional case E = corresponds to purely spatial curves, t = const , see 
( |T0|) . and then, according to (ITTi) . u — > oo where A — > again leads to A — ► oo. 

We conclude that if u — > oo where A — > , the space-time is geodesically complete and 
no continuation is required. Such cases can be termed "remote horizons" and can be of 
interest by themselves but are irrelevant to the extension problem we consider here. Item 
(i) is proved. 



3 Transitions through Killing horizons leading to a full space-time description and the corresponding Carter- 
Penrose diagrams have been considered in a general form in Refs. 16, 17,0,[l^|; see also a detailed analytic 
treatment of the special but physically relevant case of the Reissner- Nordstrom extremal horizon in 20 1 . 
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Let us now consider \uh\ < oo and introduce the so-called "tortoise coordinate" x for 
the metric (j2j) by the relation 

dx = ±du/A(u), (13) 

so that Adt 2 — du 2 /A = A(dt 2 — dx 2 ) . Suppose, without loss of generality, u > u h = 0. 
Suppose, further, that in a finite neighborhood of u = 

A(u) = u n F(u), n = const, (14) 

where F(u) is a sufficiently smooth function such that F(0) is finite. We should require 
either n = 1 or n > 2 to avoid a curvature singularity at u = [see the first line in fl3J)]. 
Then, by (fTBl . x — > ±oo as u — > 0; we choose, for certainty, — oo. 

To cross the surface tt = , we introduce, as usual, the null coordinates 

V = t + x, W = t-x, (15) 

The limit V —>■ — oo corresponds, at fixed finite W , to a past horizon, and W — > oo at 
fixed finite V to a future horizon. Introducing the new null coordinates v = v(V) and 
w = w(W) and properly choosing these functions, we can compensate the zero of A in the 
expression A(dt 2 — dx 2 ) = AdVdW at V — — oo or W = oo . 

Consider the future horizon W = +oo at fixed finite V . Then, a finite value of the metric 
coefficient gy w at the horizon is obtained under the condition that in its neighborhood 

dw/dW ~ A. (16) 

On the other hand, according to ffl3|) . A(u) = du/dx, while, by (|15p . x ~ —2W near the 
future horizon, whence it follows 

A(u) w -2dw/dW. (17) 

Comparing (fl6|) and (|T7|) . we see that 

~ at the future horizon, 
du ~ dv at the past horizon, (18) 

where the second line is obtained in the same way as the first one if we choose V(v) to make 
the quantity g v w finite. This proves item (ii). 

The coordinates (v, w) are null Kruskal-like coordinates suitable for obtaining a coordi- 
nate system valid on both sides of a horizon. Like u, they are finite at the horizon (say, 
v — and w — 0), and, to admit continuation across it, the metric should be analytic in 
terms of v and w at v — and w = , respectively, and consequently analytic in terms of 
u at u = Uh- 

Thus the functions A(u) and r 2 (u) in (j2j) must be analytic, and a horizon corresponds 
to a regular zero of A(u) , i.e., ~ (u — Uh) n , where n G N is the order of the horizon. 

Or, as a minimal requirement, they should belong to a class C s with s > 2. In the 
latter case, a continuation across the horizon will have the order of smoothness s , but then 
discontinuities in derivatives of orders higher than s should be somehow physically justified, 
e.g., by boundaries in matter distributions. 



7 



u ~ 



More specifically, assuming (JHj), we obtain 
e xF(o) (n=l), 



\ x \-l/(n-l) ( n> l) m 



(19) 



as x — > — oo, and accordingly, at the future horizon (W — > oo) 



f e -^(0)/2 / = X \ 

(n>l) ( 20 » 

[recall that, by ( 1T51) . x ~ —W/2 as W — ► oo]. Replacing u> — > t> and W — > |V| , we obtain 
similar relations valid at the past horizon (V — > — oo). 

Crossing the horizon corresponds to a smooth transition of the coordinate v or w from 
positive to negative values. This clearly explains why such transitions are impossible if 
analyticity is lacking: if, for instance, A ~ u n with fractional n, the transformed metric 
will inevitably contain fractional powers of v and w , which are either meaningless (if n is 
irrational) or at least not uniquely defined at negative v and w . 



IV. STATIC METRICS: HORIZONS VS. SINGULARITIES 

We have seen that, to be regular at a candidate horizon (i.e., a sphere where g u — 0) and 
analytically extensible beyond it, the metric should be analytic in terms of the quasiglobal 
coordinate u . Thus, at such a horizon, 

(a) u = Uh should be finite, and we can put without loss of generality Uh = (and consider 

u > as the static region); 

(b) the value u = should be a regular zero of the function A(u) i.e., A{u) ~ u n , iigN 

being the order of the horizon; 

(c) the function r(u) should behave near u = as 

r(u) = r h + r k u k + o(u k ), (21) 

where k e N is the order of the second nonvanishing term of the Taylor series. 

To see how the metric taken in the general form (pQ) behaves at a horizon, let us identify 
it with ([2l) term by term, so that 



e 



2 ^ R )=A{u), e a{R) dR = A- l ' 2 du, r{K)=r{u), (22) 



and use the fact that not only g u and gee are reparametrization-invariant (behave like scalars 
when we change the coordinate R) but also the expressions e~ ar )R and e~ a rn where the 
subscript R stands for d/dR. Taking into account that A = e 2 " 7 ~ u n , we obtain: 

— ol „,(n— 2)/2 Jn-2)~f/n /OC^ 

e 7_r ~ m ~ e v ; " , (26) 

G~ a r R ~ M (™+ 2fc - 2 )/ 2 ^ e ("+2fc-2) 7 /n_ ^ 

These are necessary conditions of a regular horizon at a value of R where e 7 = in terms 
of the general metric ([T|). 
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Let us discuss in more detail the most popular coordinate choice, R = r , such that 
ds 2 = e 2 ^dt 2 - e 2a ^dr 2 - rW, (25) 
and the transformation (j2"2~j) now reads 

e 2 ^ = A{u), e a(r) dr = A~ 1/2 du, r = r(u). (26) 

Following jij, we suppose that near r = 

e 27 ~(r-r^, e 2a ~ (r - r h )~ p , (27) 

where q > and, as follows from the curvature regularity requirement [see (j3J], it should 
be 

either p > 2 or 2 > p > 1, p + g = 2. (28) 

The condition that u should be finite at r = leads to 

q>p-2. (29) 

Furthermore, Eq. ff23l) selects a sequence of lines in the (p, g) plane, intersecting at the point 
O: (2,0) (see Fig. 1), 

L n : g(n-2)=n(p-2). (30) 
Finally, Eq. (1241) leads to the condition 

np = q(n + 2k-2). (31) 

From Eqs. ( l30i) and ( l3Ti) we see that the regularity conditions select a discrete set of points 
in the (p, q) plane, parametrized by two positive integers n and k: 

p = 2 + (n-2)/k, q = n/k. (32) 

In the generic case k — 1 , we obtain the important points H n : p = q = n . Then, at 
least in a neighborhood of r = r/j, r(u) is a linear function. 

The following remark is in order. Actually, Eq. (1321) expresses p and q defined in f l27|) 
in terms of n (such that A ~ u n ) and A; defined in ( 12TI) for any n and , not necessarily 
integers. The inverse expressions, valid for q > p — 2 , are 

n = 2q/(q-p + 2), k = 2/(q-p + 2). (33) 

Eqs. f )32|) and fl33|) are useful in dealing with examples to be discussed in Sec. V. 

If we weaken the above item (c) and only require that the quantities r' and r" , entering 
into the Einstein equations, should be finite, then, instead of ( 13TI) . we obtain that either p = q 
(again giving the points H n ) or q < p — 1 . Thus, in the (p, q) plane, horizons correspond to 
the sequence of points H n plus a sequence of segments of the lines L n [Eq. ( l30l) ] belonging 
to the band (see Fig. 1) 

p-2 <q<p-l. (34) 
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FIG. 1: Properties of the candidate horizon r = depending on p and q. Horizons admitting 
extensions correspond to the points HI, H2,... (p = q S N) and other points (|32p . some of which 
(with k = 2, . . . , 6) are shown by intersections of the beams (|30p originating at point O with the 
line q = p — 1 and with the thin lines parallel to it. Under the weakened condition on r(u) , namely, 
that r' and r" should be finite, admissible are whole segments of the beams (|30p . belonging to 
the band ([M|) . In region S (p < 2), outside the segment OH1, r = is a curvature singularity. 
Outside the other beams (|30p . an extension of the metric beyond the sphere r = is impeded by 
fractional powers in A(u) and, in region T, by infinities in r' (in case q > p) and r" . In region 
R, including the line q = p — 2 , r = is a remote horizon. 



Now we are ready to compare the above results with the classification of horizons 0, 0] 
as "usual", "naked" and "truly naked" in terms of the metric fl25|) under the assumption 
(|27|) . A criterion for distinguishing them is 



usual : Z{r h ) = 0, 

naked : Z{r h ) finite, (35) 

truly naked : Z{r h ) = oo, 

where the quantity Z , characterizing the magnitude of tidal forces at r = in a freely 
falling reference frame, is given by [see ([5])] 

Z = const • (g - p) (r - r h ) p - l ~ q . (36) 
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TABLE I: Horizon types according to Refs. [3J, |J] and the results of the present analysis. Curvature 
( C° ) singularities are not included. 



JNo. 


P, Q 


type by (|35|) 


present analysis 


1 


p = q=l 


usual or naked* 


regular, n = 1 


2 


Kp< f, q = 2-p 


truly naked 


singular 


3 


o 1 

P= 2' 1=2 


naked 


regular, n = 1 


4 


\<p<2,q = 2-p 


usual 


regular, n = 1 


5 


p>2, q > p 


truly naked 


singular 


6 


p > 2, q = p 


usual or naked* 


regular if p = q = re, otherwise singular 


7 


P > 2, p — 1 < q < p 


truly naked 


singular 


8 


p > 2, q = p — 1 


naked 


regular if p = 1 + re/2, otherwise singular 


9 


p > 2, p-2<g<p-l 


usual 


regular if (|30l) holds, n € N, otherwise singular 


10 


P>2, q<p-2 


usual 


remote horizon 



* The horizon is usual if Q = and naked if Q ^ at r = r/, with Q defined in Eq. (|37p . 



Its counterpart in the static reference frame is Z = const ■ (g — p)(r — r^)^ 1 , which is zero 
at all candidate horizons. 

We would like to stress that only transversal components of the curvature tensor are 
relevant to our discussion. The reason is that the R tr t r component of the Riemann tensor, 
which characterizes tidal forces in the radial direction, does not change under radial boosts. 
So if it is finite, it is irrelevant to the issue of singularities while if it diverges, we evidently 
deal with a curvature singularity for which the Kretschamnn scalar diverges. 

The results of such a comparison are collected in Table I. The table mentions one more 
quantity, Q , that distinguishes usual and naked horizons in the case p=g 

Q = 2{a r + lr ), (37) 

which depends on further details of the behavior of a and 7 as compared with ( 1271) . 

In the fourth column, the word 'regular' means that the above criteria (a), (b) are fulfilled, 
r' and r" are finite, and an (at least C 2 ) extension is possible; though, on the segments (130]) 
( 1341) (lines 4, 9 of the table), this extension can be analytic only at the countable number of 
points (1321) . The term 'singular' means impossibility of an extension, though all algebraic 
curvature invariants are finite. 



From the viewpoint of a general classification of space-time singularities (see, e.g., |21|). 
what we usually call a curvature singularity [a set of (limiting) space-time points with an 
infinite value (or discontinuity) of at least one algebraic invariant of the Riemann tensor] is 
called a C° curvature singularity. A more general notion is that of a C m curvature singu- 
larities, related to a discontinuity in some of the tetrad components of the m-th covariant 
derivatives of the Riemann tensor. (In many cases, but not always, at such singularities, 
some invariants involving derivatives of the Riemann tensor are discontinuous.) The singu- 
larities discussed here are apparently related to such higher-order curvature singularities, but 
this relation is quite nontrivial, and its exact formulation requires a separate study which is 
beyond the scope of this paper. 
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Table I shows that all TNHs and (somewhat unexpectedly) many of the "simply" naked 
horizons and even some "usual" ones are actually space-time singularities in the sense that 
geodesies terminate there at finite values of the canonical parameter. 

One can remark that analytic properties of the metric near a horizon are often discussed 
in terms of the two-dimensional (t,R) submanifold, assuming the angular part of the metric 
to be irrelevant. We have seen that, on the contrary, it is the behavior of the derivatives 
r' and r" that makes singular many candidate horizons looking quite regular in the (t,R) 
submanifold. 



V. EXAMPLES 

A. Naked and "potentially naked" horizons 

At event horizons of naked black holes according to [1, 0], the quantity Z [see ([HJ) or 
036p ] is finite. To be naked according to [H, 0], such a horizon must exhibit large values of Z 
on the Planck scale while the curvature invariants remain small on the same scale. Let us 
discuss the relationship of these notions using as an example the dilaton black hole solution 
discussed in [lj, with the metric (j2J) such that 



(u — u+)(u — U-) /_ U-\ b „ , .„„,. 

A = ± ±^ r = u(l , < 6 < 1, 38 

r 2 \ u / 

with b = const . There is a horizon at u = u + > w_ and a singularity at u = w_ . 
The extremal limit corresponds to u + = U- , and in this limit the horizon area shrinks, 
r + = r{u + ) — > 0, leading to a singularity. 
Then, simple calculations give 

Z=- r -A, ~Z~ Z - = - r -= -"-"<",- "(l-^)-'. (39) 
r A r u 6 V u J 

We see that Z{u + ) is finite, so that the horizon is naked according to 0, 0]. 

The curvature components in the static frame are of the order l/r+. Introducing the 
parameter e = 1 — r_/r + , we obtain that near the horizon Z ~ u+ 2 e~ 2 and r+ 2 ~ u^ 2 s~ b . 
In the limit e —>■ , both Z and the curvature invariants become infinite as u —>■ u + = m_ 
since u = m_ is a singularity. If, however, one chooses an intermediate value of e such that 



l \ 2 / fe 
i>pi 



< e < 1, (40) 



so that u + ^> I pi, where lp\ is the Planck length, we arrive at the situation that the tidal 
forces are large but the curvature components in the static frame (and hence the curvature 
invariants) remain small on the Planck scale [l|. 

Thus the naked behavior of this black hole is due to proximity to the singularity. As to 
the general case (|38|) . (|39|) . its naked nature according to (|35|) [1,13] only indicates that this 
solution can really exhibit a naked behavior at some values of its parameters. In this sense, 
as was said in the Introduction, such horizons (and black holes) may be called "potentially 
naked" as opposed to naked ones according to Horowitz and Ross and truly naked ones 
which are always singular as follows from our present results. 
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B. Matter with an arbitrary equation of state 



Consider again the metric (j2j) and the Einstein equations for it with the stress-energy 
tensor = T^ (m) + T^ (vac) where 

T M(m) = diag(p, -p r ,-p±, -Pi). (41) 
is the contribution of some kind of matter (e.g., a perfect fluid) and 

T^(vac) = diag(p (vac ), P(vac), -RL(vac), ~ Rl_(vac))- (42) 

is that of a so-called vacuum fluid, distinguished by the property T° = T/ [26]. Particular 
cases of such "vacua" are a cosmological constant (p_i_( va c) = — P(vac) = — A/(87r)), electric 
or magnetic fields in the radial direction (pi jw) = prw) ) and other forms which may be 
specified, e.g., by p( vac ) as a function of r |26l. 1271. l28l. l29j. 

Let us choose, as independent components of the Einstein equations, the difference Q — 
(J) and the (J) equation which read 

r " 

2A— = -8vr(p + p r ), (43) 
r 

_(_! + AW + Ar' 2 ) = 8n( Pr - p (vac) ). (44) 

In addition, assuming no interaction between matter and vacuum, we can write the conser- 
vation law for matter in the form 

2r' A' 

P'r + —(Pr-P±) + 7^{p + Pr)=0. (45) 

and similarly for vacuum. 

Let us also assume that the matter obeys the linear equation of state (at least approxi- 
mately, near the horizon) 

p r ~ wp, w = const. (46) 



Then, a further analysis can be carried out along the lines of [25], with the only difference 
that now we do not restrict ourselves to only regular horizons and seek any solutions with 
A — > as it — > Uh where Uh ^ oo . In particular, we do not require that r' and r" should 
be finite as u — > Uh . Omitting the details, we present the results. 

We obtain that if there is no vacuum (T^( vac ) = 0), then the only possible solutions 
correspond to a simple horizon, such that A(u) ~ u — Uh, and, provided w = —1/(1 + 



2k) where A; is a positive integer, we obtain regular solutions in full agreement with [25 
Solutions with TNHs are not obtained. The value w — — 1 is excluded since it corresponds 
to a vacuum fluid, contrary to what was assumed. 

If, however, we consider a mixture of the two kinds of matter described by (j4"Tl) and 
there appear solutions containing matter with > w > — 1 and p ~ A~( w+1 ^( 2w K 



Furthermore, if we turn to the curvature coordinates and assume that the metric coefficients 



behave according to (j27j) . we obtain, for p ^ q, the following relation: 

w = -q/(q + 2p-2), (47) 
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and it appears that p > for q > p and p < for q < p. Thus any p and q satisfying 
the condition ( |28l) are admissible, except for those with p = q . In the latter case, solutions 
can also exist, with w satisfying the requirement w > —p/(3p — 2) . 

All kinds of solutions mentioned in Table I are possible, and the values of w cover the 
whole range from to —1. This is related to the underdetermined nature of the system 
since the function p( vac )(u) remains arbitrary. 

If we put p( vac ) = A/ (87r) = const , thus specifying the vacuum as a cosmological constant, 
the Einstein equations relate the exponents p and q characterizing the metric to the matter 
parameter w. Namely, we have either (i) p — q = 1 (a simple regular horizon) and 
w = — 1/(1 + 2k) (as described in [251 ]) or (ii) 

p = 2, q = -2w/(w + l), w^-1/2. (48) 

The parameter w can take any value in the range (—1, 0) except —1/2. The configurations 
correspond to lines 5, 7, 8, 9 of Table I. 



C. Scalar field with a potential 

Consider a real, minimally coupled scalar field with the Lagrangian L s = 
(16ii)~ 1 [eg fiu d^(j)d u (f) — 2V(4>)] as a source of gravity. Here, V(4>) is a potential while e = 1 
corresponds to normal fields with a correct sign of the kinetic energy and e = — 1 to the 
so-called phantom fields, often discussed in the context of the dark energy problem. 

Then static, spherically symmetric configurations with the metric ([2]) and = <p(u) obey 
the equations 

(Ar 2 <py = er 2 dV/d<j), (49) 
(A'r 2 )' = -2r 2 V } (50) 
2r"/r = -e<f)' 2 , (51) 
A(r 2 )"-r 2 A" = 2. (52) 

Eq. (T4*9l follows from ( |50l) - (l52l) . which, given a potential V(<f)), form a determined set of 
equations for the unknowns r(u), A(u), <fi{u) . Eq. (1521) is once integrated giving 

where Uq is an integration constant. 

Let us assume that u = is a candidate horizon, near which 

A w A n u n (l + o(l)), r = r h + r k u k + o{u k ), (54) 

where n > 0, A n > 0, > 0, are constants. According to Sec. IV, at a regular horizon, 
n and fc should be positive integers. In particular, \r"\ < oo, and Eq. (jBTj) yields a finite 
value of 0'. As a result, one can arrive at different black hole solutions with particular 
potentials (see, e.g., [3, 3^, 31] and references therein), including globally regular solutions 



for phantom fields (the so-called black universes [32[] 

Our interest here is, however, in the existence of solutions containing TNHs, let us there- 
fore assume k ^ N . Then Eq. (1511) in the leading order of magnitude gives 

<f)' w ± ( j> 1 u k / 2 -\ 0! := ^-2ek{k - l)r k /r h , (55) 
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so that, evidently, we must have (k — l)er k < 0. Choosing the upper sign and integrating, 
we have 

« 0o + ^V /2 , 0o = const. (56) 

On the other hand, Eq. (1531) in the leading order of magnitude gives different results for 
u = and u ^ , namely, 

n = 1, ^i r h = 2wo for w 7^ 0, 

n = 2, A 2 r\ = -1 for u = 0. (57) 

The second case is excluded due to the requirement A 2 > . So we are left with the first 
line in ( 1571) . and the main point is that A(u) is automatically well-behaved and corresponds 
to a simple horizon ( n = 1 ) irrespective of the value of k . 

Substituting the expressions for r and A into Eq. (150]) . we find that V tends to infinity 
as u — > (thus leading to a curvature singularity) if k < 1 and to a finite limit if > 1 . 
Thus we must have k > 1 in Eq. ( }54"|) . 

An asymptotic form of V(<p) as — > O is easily obtained using Eq. (T49|) which yields 
dV/dip. As a result, we have 

V{(j>) w V Q + const • (0 - 0o) 2(fe - 1)/fe . (58) 

Thus there exist solutions in the form of singular horizons for potentials having the 
asymptotic form (|58|) . i.e., at values = O , if any, approached with fractional powers of 
— 0o (recall that we have been considering k $ M ) . 

Passing over to the curvature coordinates using (1261) . we see that the above asymptotic 
solution is described by the conditions (1271) where p and g are expressed in terms of k 
according to ( |32l) with n = 1, i.e., p = 2 — 1/k , q = l/k. In other words, these solutions 
reside on the segment OH1 in Fig. 1 and correspond to lines 2,3,4 in Table I. 



D. (2 + 1) -dimensional analogue: an exact solution 

We have given examples of TNHs in some solutions of general relativity by analyzing the 
near-horizon geometry. Unlike that, in (2 + 1) -dimensional general relativity it is possible 
to present an exact solution with a horizon, where the source of gravity is a perfect fluid 
with a linear equation of state, such that 

= diag(p, — p, —p), p = wp, w = const. (59) 



This solution can be extracted from the results of Ref. 33], a study aimed at finding all 
possible static analogues of the Bertotti-Robinson space-time without requiring spherical 
symmetry. A (2 + 1) -dimensional section of one of the classes of space-times obtained there 
has a circularly symmetric metric similar to 4D spherically symmetric metrics with a TNH. 
The metric has the form 

ds 2 = e^dt 2 - e 2a dr 2 - r 2 d<j) 2 , (60) 
where 



'2 r 2 \ -2/(1-^) 
In I 



C 



2« = '0!_ } e 27 = const . ( r 2 _ r 2 ) -2W(l-) ) ( 61 ) 



15 



TABLE II: Horizon types in the solution (|60p - (|62p in the range — 1 < w < 1 . 



No. 


w 


horizon type by ([331) 


present analysis 


1 


w € (0, 1) 


no horizon 


2 


w e (-1/3, 0) 


usual 


regular if (I65h holds, otherwise singular 


3 


w = -1/3 


naked 


regular, n = 1, k = 2 


4 


we(-i, -1/3) 


truly naked 


singular 


5 


w = — 1 


usual 


regular, n = 1, /c = 1 



and the density is 

47r(l — w)r ' v ; 1 w 

A candidate horizon, at which e 7 = , is r = r if w < or w > 1 . In its neighborhood, 

Z ~ e^Z ~ e~ 2 V ~ (r 2 - r 2 ) e , e = i±^. (63) 

1 — w 

Eq. (j63|) does not work for w = — 1 corresponding to a cosmological constant and 3D de 
Sitter metric, in which case Z = Z = . 

The density is finite or zero at r = ro if f] > , and it can be verified that the Kretschmann 
scalar is finite under the same condition. Thus a curvature singularity at r = r is absent 
in the whole range — 1 < w < 1 , but possible horizons for w > 1 are excluded. On the 
other hand, if e < , then Z diverges, so that the tidal forces in the freely falling frame are 
infinite, and for 



-l<w < -1/3 (64) 

we have a solution with a TNH. Recall for comparison that in 4 dimensions (Sec. V.B) 
TNHs appeared in solutions with a similar source in the range — 1 < w < and only in the 
presence of a vacuum fluid. 

An analysis similar to that of Sec. IV leads to the results presented in Table II. The 
terminology is the same as in Table I: e.g., the word "regular" means that the metric can be 
extended beyond the horizon. It is of interest that a transition to the quasiglobal coordinate 
u similar to f[26l) leads, for any w < , to A ~ u , i.e., to a first-order horizon (n = 1), 
which is, however, not always regular due to the behavior of r(u) . To satisfy the regularity 
criterion (c) [see Eq. ( 12T|) ]. the parameter w should be related to k G N by 

w = -l/(2Jfe-l). (65) 



As in 4 dimensions, all TNHs turn out to be singular, and even those horizons that seem 
usual can be singular as well (see line 2 of Table II). 
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VI. HORIZONS IN KANTOWSKI-SACHS COSMOLOGIES 

A. Regular horizons 

It is easy to reformulate the regular horizon conditions like (1231) and (T2"4"j) for a time- 
dependent homogeneous analogue of static, spherically symmetric space-times, i.e., KS cos- 
mologies. 

A KS metric written in terms of an arbitrary time coordinate t reads 

ds 2 = b 2 (t)dt 2 - a 2 (t)dx 2 - r 2 (t)dn 2 . (66) 

with an arbitrary lapse function b(t) and two scale factors a(t) and r(t) . Identifying the 
metrics (jSJ) and fl66l) and applying the requirements (a), (b), (c) from Sec. IV to (jSJ) precisely 
as in static spherical symmetry, we arrive at the following necessary conditions of a regular 
(extensible) horizon at a value of t at which a — > : 

\^ ~ u n ~ l ~ a 2 ^'\ (67) 
bdt 

i^L „ u n/2+k-l _ (n+2fc-2)/n /ggN 

6 eft 1 ; 

Here, as before, n G N is the order of the horizon and fceN corresponds to Eq. ( 12TT) . 

One can also modify the results of Sec. IV for a cosmological analogue of the curvature 
coordinate, i.e., the scale factor r(u) considered as a coordinate. It seems, however, more 
helpful to present detailed horizon regularity conditions for the metric ((71) written in terms of 
the proper time t — r , most widely used in cosmology as a natural time variable. Identifying 
(J6j) and jTJ) term by term, we have 

dr = ±^= a 2 (r) = A(u), r{r)=r{u). (69) 

Applying again the requirements (a), (b), (c) from Sec. IV, we obtain the following prop- 
erties of the metric (J7J at a regular horizon occurring at a value of r where a — > and 
r — > r h > . 

1. A horizon may correspond to finite or infinite r. In the latter case, the integral u = 
J a{r)dr should still converge, otherwise we deal with a remote horizon in the absolute past 
or future, attained by all geodesies at infinite values of their canonical parameters. 

2. A first-order horizon (n = 1) occurs at finite r = r^, near which 

o(t) ~ T -T h , r(r) ^r h + C(r - r h ) 2 \ (70) 

where and C are constants and k G N is the exponent from the condition ( T2T|) . 

3. A second-order horizon (n = 2) is characterized by 

r^±oo, a(r)~e- m|r| , r(r) w r fe + C e- km ^ (71) 
with m = const > . 

4. At higher-order horizons (n > 3), we have 

r -> ±oo, a(r) ~ |^|— /C--2)^ r(r) _ ^ + ^^/(n-^ (72) 
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Thus horizons of any order n are possible in the past (or future) of a KS universe. As 
argued in 12|, Ll3f] , a matter source for such a behavior of the metric is probably pure vacuum 
since, among other kinds of matter, only that with _some particular values of w < —3 , which 



may be called "deeply phantom" , is admissible [13j . It has been concluded [12|, ll3j that 
normal matter could have been created later from vacuum along with isotropization. 

We also see that regular horizons of orders 2 and higher occur at infinite proper times of 
observers at rest in KS space-times. In other words, if the present cosmological evolution 
began at such a horizon, it has happened infinitely long ago. However, other geodesic paths, 
both timelike and null, cross such horizons at finite values of their canonical parameters 
(due to finite quasiglobal time u), and one can conclude that one-way communication with 
regions beyond such horizons is still possible (this phenomenon was discussed in detail for 
vacuum KS cosmologies in [lij]). If we live in such a universe, we can in principle catch 
photons or massive particles coming from an infinitely remote past according to our own 
clocks. 

This situation is fundamentally different from that of a remote horizon in the past, where 
u — > — oo , which is also possible but 13J only in the presence of matter with w < —3 . 



B. General analysis 

All behaviors of a(r) — > and r(r) other than those enumerated in items 1-4 of the 
previous subsection either correspond to singular horizons (in the sense explained above) 
or to curvature singularities. A curvature singularity is avoided if [see the dot denotes 
d/dr] 

\d/a\, \ar/a\, |f| are finite. (73) 

It is still of interest to analyze tidal forces acting on different geodesic observers in more 
general metrics with a — > 0, satisfying (173]) . and to compare the results with the above 
horizon regularity conditions. 

Let us separately consider horizons with different asymptotics, generalizing the expres- 
sions (JZQHZ2P. 

First, assuming a horizon at finite r = and a(r) ~ (r — r^)" 1 , the condition \d/a\ < oo 
immediately leads to m — 1, hence A(u) ~ u, it is a first-order horizon (n = 1). We can 
put 

a(r) ~ t - r h , r(r) « r h + C(r - r h ) s , (74) 

with some constants C and s where s > 2 by virtue of ( 173|) . Regular horizons, as we know 
from ( 1701) . correspond to s = 2k, k G N. 

Second, for infinite r at the horizon, we can take by analogy with (ITTj) 

r^ioo, a(r) ~ e" m|T| , r(r) w r h + C ^e" s|r| , m > 0, s > 0. (75) 

with arbitrary constants m and s . Regular horizons correspond to s = km , k e N . 
Third, in a similar way, we can take by analogy with (1721) 

r^±oo, a(r) ~ |r|- m , r(r) « r fc + C|r|" s , m > 0, s > 0. (76) 
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TABLE III: Types of horizons in KS cosmology 



No. 


a, r 


m, s 


type by fl35} 


type by extensibility 




1 


m 


s = 2 


usual or naked 


regular, n = 1 


u> = —3 


2 


m 


2 < s < 4 


truly naked 


singular 


-3 < io < -1 


3 




s > 4 


usual or naked 


regular, n = 1, only if 2s = k € N 


w < -3 


4 


m 


m > 0, s = m 


usual or naked 


regular, n = 2 


w = —3 


5 




m > 0, m < s < 2m 


truly naked 


singular 


-3 < w < -2 


6 


(1751) 


m > 0, s > 2m 


usual or naked 


regular, n = 2, only if s/m = fc£N 


it; < -3 


7 


(1761) 


m > 1, s < 2(m — 1) 


truly naked 


singular 


-3 < w < -§ 


8 


m 


m > 1, s = 2(m — 1) 


naked 


regular, n > 3, only if (|77p holds 


= —3 


9 


m 


m > 1, s > 2(m — 1) 


usual 


regular, n > 3, only if (|77p holds 


u; < -3 



Regular horizons correspond to 
n 2k 

m= s = -, n = 3,4,..., ken. (77) 

n — 2 n — 2 

Performing an analysis similar to that of Sec. IV, we arrive at Table 3. 

As before, the presence of a TNH means that an observer moving along a timelike geodesic 
and reaching the horizon experiences infinite tidal forces. However, for a comoving observer, 
similar to a static observer in space-times considered above, the tidal forces [as well as all 
the curvature components ([8])] are finite. The cosmological scenarios thus look differently 
for different groups of observers. Consider, for example, a TNH corresponding to line 2 of 
Table III. Then, an observer at rest reaches it at finite proper time and would be able to 
cross it if it were possible. However, an observer which follows a timelike geodesies with 
non-zero velocity with respect to the environment is subject to infinitely growing tidal forces 
and will be destroyed before reaching the horizon. This also applies to higher-order TNHs 
(lines 5 and 7 of Table III). In the latter case, however, an observer at rest, for whom the 
tidal forces would be finite, never reaches the horizon since it would require an infinite time. 

It is also of interest to elucidate which kinds of matter are compatible with the space- 
times under discussion. Considering a non-interacting mixture of a vacuum fluid and an 
arbitrary kind of matter with the parameter w = p x /p ^ —1 {p x = —T* is the pressure in 
the x direction; w = —1 corresponds to the vacuum fluid) in the manner of Sec. V.B and 
Ref. 0, we obtain the last column of Table III with appropriate values of w . All of them 
correspond to phantom matter. 

If there is no vacuum fluid, only simple regular horizons described by line 1 are possible, 



in agreement with the results of Sec. V.B and Ref. 13]. 

A comparison shows that, for cosmological metrics, the parameter w behaves like 1/w 
for static metrics. This is not surprising since, in a sense, the energy density and the radial 
pressure interchange their roles when we change A — > —A. Curiously, according to Table 
III, cosmological metrics with TNHs require less exotic matter than those with a regular 
horizon. 

It is worth noting that the so-called nonscalar singularities (to which class the TNHs 



belong) in cosmology were also discussed in Sec. 4.3 of [2l|] and in [35|, |36j], where "tilted 
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cosmologies" with perfect fluids were considered. The latter means that matter flows non- 
orthogonally to the homogeneity surfaces. A detailed comparison of our results with these 
papers is beyond the scope of this paper and deserves a separate treatment. Here, we only 
note that we do not restrict the matter to be necessarily a perfect fluid, and no "tilting" is 
assumed. In addition, we deal with KS spherically symmetric cosmologies whereas Ref. 36 
considered locally rotationally symmetric Bianchi-V models. 



VII. CONCLUDING REMARKS 

1. We have obtained the necessary conditions (1231) . of a regular horizon, admitting 
a Kruskal-like extension, in terms of the general metric ([1]), and similar conditions (IBTj) . 
f l68|) for its cosmological counterpart, the general KS metric fl66l) . Comparing these general 
regularity conditions with the relations characterizing naked and truly naked horizons, we 
found that all TNHs and many horizons which seemed to be usual or simply naked represent 
singularities in the sense that geodesies terminate there at finite values of the canonical 
parameter. 

Our consideration was almost everywhere restricted to neighborhoods of (candidate) hori- 
zons, therefore we mostly spoke of naked, etc., horizons rather than black holes. The results 
are equally applicable to any event, Cauchy or cosmological horizons in static or homoge- 
neous spherically symmetric space-times in the framework of any metric theory of gravity. 
Moreover, the results obtained can be easily generalized to other space-time symmetries and 
dimensions. 

2. In Sec. V.B, discussing matter with an arbitrary equation of state, we actually obtained 
that all kinds of horizons mentioned in Table I are possible but only in the presence of 
some "vacuum fluid" which may be represented by a cosmological constant or an electric or 
magnetic field. Meanwhile, to be compatible with any kind of horizon (including singular 
ones), the fluid itself must have negative radial pressure. This generalizes our previous result 
jiil ] that only special kinds of fluids with particular values of the parameter w = p r /p, 
including that with w = — 1/3 (a fluid of disordered cosmic strings), are compatible with 
regular horizons. 

The examples considered show that naked and truly naked horizons do really appear in 
static solutions to the Einstein equations for certain kinds of matter, not to mention possible 
solutions of alternative theories of gravity. In particular, they may correspond to equations 
of state with w < — 1/3 [see, e.g., (HBI) ] often discussed in the context of non-phantom dark 
energy, or quintessence. 

In the cosmological context, the only kinds of matter compatible with horizons (both 
regular and singular) are vacuum fluids and phantom matter with w = p x / p < —1, and a 
distinguished value compatible with regular horizons is w = — 3 . As in the static case, most 
of horizon types are only possible in the presence of a vacuum fluid. 

3. In considering TNHs, we implicitly assumed that an extended body (or an observer) 
approaching a horizon and facing infinite tidal forces moves along a geodesic. Meanwhile, 
it is reasonable to ask what can happen in a more general situation. Is it possible to adjust 
the motion of an accelerated body in such a way that, even at a TNH, it could be subject 
to finite tidal forces unlike a geodesic observer? 

A direct inspection shows that it is really possible to avoid infinite tidal forces at a TNH 
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by properly choosing a non-geodesic path. However, an inevitable price for this is that the 
acceleration experienced by such an observer tends to infinity when approaching the horizon. 
The calculations are carried out separately for the cases when the proper distance to the 
horizon is finite or infinite (the details will be presented elsewhere). The resulting infinite 
acceleration can be viewed as one more manifestation of a really singular nature of TNHs. 

An important point is, however, that a singular nature of many horizons in the sense of 
extensibility is not directly related to their "truly naked" character: we have seen that many 
horizons which do not create large or infinite tidal forces, are still inextensible. A reason for 
that evidently consists in the properties of matter in the near-horizon region, incompatible 
with analyticity of the functions A(u) and r(u) . 

4. A phenomenon of interest in KS cosmologies is the opportunity to receive information 
in the form of massive or massless particles from an epoch beyond a past horizon (if any), 
even though such a horizon could occur infinitely long ago according to our clocks. In 
reality, all such particles would be probably absorbed at a subsequent hot stage of the 
Universe evolution; but the existence of their traces in observable phenomena, e.g., in CMB 
properties, should not be excluded. 

5. In the context of the early Universe, in addition to particle creation, it would be of 
interest to take into account one more quantum phenomenon, the dynamical Casimir effect 



related to the nontrivial topology of KS models, e.g., in the manner of Refs. [37|, and its 
possible influence on the structure of singularities like those discussed in this paper. 

It would also be of interest to relate the origin of singularities in KS cosmology sub- 
ject to quantum effects with their effective 2D description, in the manner of [38|], where 
quantum-corrected KS cosmologies were investigated. The effective 2D description makes 
the presentation qualitatively easier and may reveal a fundamental structure behind singu- 
larities, related to quantum effects. 

6. The singular horizons in KS cosmology discussed in this paper (at least simple ones) may 
be considered as examples of the so-called finite-time singularities. Four types of such sin- 
gularities are known and classified for isotropic FRW models in Ref . [39] . Among them, the 
Big Rip (or type I singularity) is the most well-known and is widely discussed in connection 
with different models of dark energy. It is clear that in KS models, where we have two scale 
factors, such singularities may occur and their properties should be more diverse, and the 
corresponding classification should be naturally extended as compared with the one-scale- 
factor FRW cosmology. Such an extended classification, which should also apply to static, 
spherically symmetric analogues of KS cosmologies as well as to other, more complicated 
anisotropic cosmologies, is of significant interest. Let us mention some tentative results on 
this way. 

The Big Rip singularity in FRW models consists in an infinite growth of the scale factor 
a(r) at finite proper time r , accompanied by p — > oo , where p is the density of matter 
with w < — 1 . Considering such a fluid, with w = p x /p = P±/p < —1 in the KS geometry 
(I7j), we obtain that a Big Rip can also occur at finite r = r s but can be both isotropic and 
anisotropic: the volume factor v and the density p behave in the same way as in FRW 
models: 

v (r) = a(T)r 2 (r) ~ |r - r s | 2 /( 1+ ^, p(r) ~ |r - r s |" 2 , (78) 
but there can be an arbitrary ratio iV between the growth rates of a(r) and r(r) , depending 
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on initial conditions: (In a)'/ (In r) = N = const > . In a similar way, we can discuss 
singularities of other types, as is done in Ref. [391 ] . 

Static analogues of the Big Rip exist with w = p r /p = P±/ P between zero and — 1, 
in agreement with the above-mentioned w < — > 1/w correspondence. An opportunity of 
interest is that r — > r s > while A —>■ oo (a repulsive singularity on a sphere of finite 
radius) as the coordinate u in (j2J) tends to a finite value u s . The asymptotic behavior is 

A~{u-u s )- n , rnr s + r k {u-u s ) k , p~A m , (79) 

for a fluid with w = — l/(2m + 1). Here, the exponents k > 1 , n > and m > (but 
m/1) are connected by the relation n(s — 1) = 2 — k . 

Further details and other results on this subject will be presented elsewhere. 
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